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Abstract:

In this paper, we introduce the notion of P-order (R-order) of external cubic soft matrices. Further, we
develop union and intersection of P-order (R-order) of external cubic soft matrices and their related properties
have been investigated.
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1. Introduction:

Fuzzy set theory was proposed by Lotifi A. Zadeh [12] and it has extensive applications in various
fields. In 1999, Molodstov[8] introduced the novel concept of soft sets and established the fundamental results of
the new theory. In 2003, Maji et al.[6] studied some properties of soft sets. Pei and Miao [10] and Chen [1]et
al., improved the work of Maji et al. [5, 6]. In [3], Jun et al., introduced a new notion of cubic set which is a
combination of fuzzy set and interval-valued fuzzy set and also investigated several properties of cubic sets.

Muhiuddin and Al-rogi [9], introduced the concepts of internal, external cubic soft sets, P-cubic
(R-cubic) soft subsets, R-union(R-intersection, P-union and P-intersection) of cubic soft sets and the complement
of a cubic soft sets. They also investigated several related properties and applied the notion of cubic soft sets to
BCK/BCl-algebras.

Fuzzy matrix was introduced by Thomason [11] and the concept of uncertainty was discussed by using
fuzzy matrices. Different concepts and ideas of fuzzy matrices have been given earlier mainly by Kim,
Meenakshi and Thomson [4, 7, 11]. Fuzzy matrix plays a vital role in fuzzy modeling, fuzzy diagnosis and fuzzy
controls. It also has applications in fields like psychology, medicine, economics and sociology.

In the early investigation, Chinnadurai and Barkavi introduced a new concepts of cubic soft matrix,
internal cubic soft matrix, external cubic soft matrix and discussed various result in[2].

In this paper, the new definition of P-order external cubic soft matrices and R-order external cubic soft
matrices have been introduced, along with some algebraic properties are discussed with suitable illustrations.

2. Preliminaries:

In this section we recall some basic definitions and results which will be needed in the sequel.

Definition 2.1 [9] Let U be an initial universal set and E be a set of parameters. A cubic soft set over U is

defined to be a pair (P, A) where @ isa mapping from Ato P(U) and Ac E. Then the pair (®, A)
can be represented as, (®@,A)= {‘1) (e)ee A} where @ (e) = {<u, ,‘E\E(U),/le (u)>/u eU,ee A} is a

cubic soft set in which A} (u) is the interval valued fuzzy set and A, (U) is a fuzzy set.

Definition 2.2 [9] Let U be an initial universal set and E be a set of parameters. A cubic soft set (D, A) over
U s said to be an internal cubic soft set if A, (U) <A, (u) < A (u) forall €€ A andforall UeU.
Definition 2.3 [9] Let U be an initial universal set and E be a set of parameters. A cubic soft set (D, A) over
U s said to be an external cubic soft set if A, (u) ¢ (A, (u), A, (u)) forall €€ A andforall UeU.

Definition 2.4 [9] Let U be an initial universal set and E be a set of parameters. For any subsets A and B of E,
(®,A) and (I",B) be cubic soft sets over U.

1. The R-union of (®,A) and (', B) isa cubic softset (H,C) where C = AUB and
D(e) if e A/B,
He) = I'(e) if e e B/A,
de)uyI'(e) ifeeAnB
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forall €€ C anditis denoted by (H,C) = (D, A)uy (I, B).
2. The R-intersection of (@, A) and (I",B) isa cubic softset (H,C) where C = ANB and
D (e) if e e A/B,
He) = I'(e) if e e B/A,
D)y I'(e) ifeeAnB
forall €€ C anditis denoted by (H,C) = (D, A)y ([, B).

Definition 2.5 [9] Let U be an initial universal set and E be a set of parameters. For any subsets A and B of E,
(®,A) and (I",B) be cubic soft sets over U.

1. The P-unionof (®,A) and (', B) isa cubicsoftset (H,C) where C = AUB and
D (e) if e e A/B,
He) = I'(e) if e e B/A,
de)u,I'(e) ifeesANB
forall e € C . Thisis denoted by (H,C) = (D, A)u, ([',B).
2. The P-intersection of (@, A) and (I",B) isa cubic softset (H,C) where C = ANB and
D(e) if e e A/B,
He) = I'(e) if e e B/A,
b)), T'(e) ifeesANB
forall € € C . Thisis denoted by (H,C) = (D, A), (I', B).
Definition 2.6 [9] Let U be an initial universal set and E be a set of parameters. The complement of a cubic soft
set (@, A) over U isdenoted by (®,A)° and defined by
(@, A) = (D°,—A) where D°:—A—>XP(U) and (P, A)° = {D°(e)/e € Af where
©°(e) = {u, A (L), £ W)/u cU e < Al
Definition 2.7 [7] A matrix A=[a;],,, issaid to be fuzzy matrixif a; €[0,1],1<i<m and 1< j<n.
Definition 2.8 [7] For any two fuzzy matrices A =[a;],B =[b;] and ascalar k € F . Then,
() A+B=[supla;,b; f1=vIa,bijl.
(i) AB=[supiinfia;,b; 1= virla; b1}
(i) KA=T[inf k,a; 1= Alk,].
Definition 2.9 [2] Let U = {ul,uz,...,um} be an initial universal set and E = {el,ez,...,en} be a set of
parameters. Let A< E. Then cubic soft set (d, A) can be expressed in matrix form as

&; &p - &,

8y 8p @y
A = [aij] = . .

Apy  Anp Amn

such that A" =[a;]= <;\9 (), 4. (ui)> = <Aja,ﬂ,ﬁ> which is called an MxN cubic soft matrix (shortly
j j

CS-matrix or CSM) of the cubic soft set (D, A).
According to this definition, a cubic soft set (@, A) is uniquely characterized by matrix [a
1=1,2,3,....m and j=1,23,...n.

i ] Where

133



International Journal of Current Research and Modern Education (IJCRME)
Impact Factor: 6.725, ISSN (Online): 2455 - 5428
(www.rdmodernresearch.com) Volume 2, Issue 1, 2017

Example 2.10 Let U = {ul,uz,ug,u4} is a set of cars and A= {el,ez,es} is a set of parameters, which
stands for mileage, engine and Prize respectively. Then cubic soft set is defined as

@,A) ={ e, (u,,([0.5,0.8]0.6)),(u,,{[0.1,0.710.5)),(u,, ([0.2,0.6]0.9)), (u,,([0.3,0.9]0.4))}
le,, (u,,([0.2,0.5]0.3)), (u,, ([0.3,0.6]0.7)), (u,, ([0.2,0.710.2)), (u,,([0.3,0.5]0.1)) |
[e,. (u,,([0.1,0.810.4)), (u,, ([0.6,0.710.9)), (us, {[0.2,0.9]0.5)), (u,, ([0.3,0.7] 0.4)) .

Then the CS-matrix A’ s written as,
([0.5,0.8]10.6) ([0.2,0.5]0.3) ([0.1,0.8]0.4)
AC = |([0.1,0.710.5) ([0.3,0.6]0.7) ([0.6,0.7]0.9)|
([0.2,0.6]0.7) ([0.2,0.7]0.2) ([0.2,0.9]0.5)
([0.3,0.9]0.4) ([0.3,0.5]0.1) ([0.3,0.710.4)

Definition 2.11 [2] Let Al :[aij]eCSmen. Then A’ is an external cubic soft matrix (ECSM), if
e (A AT forallij.

Definition 2.12 [2] Let A" =[a,

mxn

) B = [b; ] be the two cubic soft matrix of order MxN. Then
.. e A Sb b .

P-order matrix is denoted and defined as [a;] < [b;],if A <By and Af <4 foralli,j.

Definition 2.13 [2] Let A" =[a;],.,. B' =[b;],., be the two cubic soft matrix of order Mxn. Then
.. e N Sb b ..

R-order matrix is denoted and defined as [a; ] = [0;], if Aja <Bj and ﬂ,ﬁ > 1 foralli, j.

Definition 2.14 [2] Let A :<[Af,Rf+], > B —<[B,J , i;’+],yi?>eCSmen. Then

1. P-union of A' and B' is denoted by A' v, B' and defined as A v,B' =C' | if

C' =[c;1= <6ij°,7/;> , where (Suc = max{~ja, I:D,-ub} and yj = max{ﬂij?,yi?} forall i, j.

2. P-intersection of A" and B' is denoted by A’ A, B' and defined as A A, B =C* | if

C' =[c;1= <6ij°,7/;> , where (SUC =min {~ja, g,:’} and y; =min {/iﬁ,y;’} forall i, j.

3. R-union of A" and B' is denoted by A' v B' and defined as A" v, B' =C' | if

C' =[c;1= <6ij°,7/;> , where (Suc = max{~ja, I:D,-ub} and y; =min {/iﬁ,y;’} forall i, j.

4. R-intersection of A" and Bl is denoted by A' A, B' and defined as A" A, B' =C' | if

( = - /e ~C — mindA2 Rb _ b -
C' =[¢;]1= <Cij°,7/§> , where Cj = mln{ i B; } and y; = max{ﬂ;?,/yzij} for all i, j.
3. P-order and R-order of External Cubic Soft Matrices.

In this section we define P-order and R-order of external cubic soft matrix and discussed some algebraic
properties.

Definition 3.1 Let A =</E«1fﬂ,ﬁ> and B¢ =<I§if,,ui?> be external cubic soft matrices, if

Al ¢, B < A}a < Eub and A; < ,ui'j’ for all i, j. Then it is defined as P-order external cubic soft matrices
and it is denoted by ECSM "
Example 3.2 Let U = {ul,uz} be the universal set and E = {61,62,63,84} be the set of parameters. Let
A, Bc E. Then
(@, A)={ [e,(u,([0.3,0.5]0.2)),(u,.([0.4,0.6]0.3))]
le,. (u,,([0.1,0.510.7)), (u2,<[0406102)]}
(@,B)={ [e,,(u,,([0.4,0.6]0.9)),(us,([0.7,0.9] 1))
[e. (u.,([0.2,0.8]0.85)), (u,,([0.7,0.9] 0.4)) }.
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Then P-order external cubic soft matrices is defined as follows,

. [00.3,0.5]0.2) ([0.1,0.5]0.7) . [{[0.4,0.610.9) ([0.2,0.8]0.85)
~ |([0.4,0.6]0.3) ([0.4,0.6]0.2)|° " "~ | ([0.7,09]1) ([0.7,0.9]0.4) |
(ie) Al <, B,

Definition 3.3 Let A =<:§f,iﬁ> and B =<|§if,,ui?> be external cubic soft matrices, if

Al c. B < A]a > é,lb and A3 < g4 for all i, j. Then it is defined as R-order external cubic soft matrices
and it is denoted by ECSM R,

Example 3.4 Let U = {ul,uz} be the universal set and E = {61,62,63,64} be the set of parameters. Let
A, Bc E. Then

(@,A)={ e, (1,,([0.2.0.410.7)),(u,,([0.4,0.6]0.8))}
le,, (u,([0.3,0.6]0.2)), (u,, ([0.1,0.4]0.7) }

and
(@,B)={ [e.,(u,([03,06]0.2)),(u;,([0.6,0.9]0.5))
le,. (u,([0.5,0.8]0.2)), (u,,([0.4,0.7]0.3)) }.

Then R-order external cubic soft matrices is defined as follows,

A [([0.2,0.4]0.7) <[0.:-;,0.6]p.2>}C B {([O.S,OB]D.Z) ([05,0.810.3) |
<[O.4,0.6],0.8> <[O.1,0.4],0.7> =R <[O.6,0.9],O.5> <[O.4,0.7],O.3>

(i) Al c B,

Definition 35 Let A' ,B' e ECSM . Then

a) Unionof A',B‘ isdefinedby A A, B¢ =C! =[],

where C! :<[max{5;f,§;},max{A;‘*,§§*}],max{ ;,ﬂ;?}> for all i

b) Intersection of A',B isdefinedby A" v, B' =C' =[¢;],

where C¢ =<[min{5g‘,B’;},min{Af‘*,E§*}],min{ 2, y;}> for all i,
Example 3.6 Consider Example 3.2. Then union and intersection of Al , B¢ are given by,

([0.4,0.610.9) ([0.2,0.8]0.85)
([0.7,0.911)  ([0.7,0.9]0.4) |

a) A v, B

5 A A B < |([0:205102) ([0.1,0510.7)
" (10.4,0.610.3) ([0.4,0.6]0.2) |
Definition 3.7 Let A',B' € ECSM . Then

mxn*

a) Unionof A',B‘ isdefinedby A' v, B¢ =C! =[],
where C! :<[max{ﬂ;‘,§if},max{5,f*,§;*}],min{ f;,y;?}> for all i
b) Intersection of A", B* is defined by A’ AR B =C¢ =[Cij],

where C :<[min{Af,é’if},min{Af*,E;’;*}],max{zg, ,ui?}> forall i,

Example 3.8 Consider Example 3.4. Then union and intersection of Al ) B¢ are given by,
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a) Al v, B = ([0.3,0.6]0.2) ([0.5,0.8]0.1)
" (10.6,0.910.5) ([0.4,0.710.3) |

5 A a8 < |([0204107) (10306]02)
) (10.4,0.610.8) ([0.1,0.410.7) |

Proposition 3.9 Let A',B,C' e ECSM . Then
G A v, A =A",
iy A'v,B' =B'.
(i) (AC v, B Jv,Cl = A v, (B' v,C')=C".
proot. Let AL = (AT A1, >B<—QBU, B 1 )Ct = (65 G5 1% ) cECSML,
Then (i) A' v, Al :<[;1f‘_,,§f‘+],ﬂ,ﬁ>vp <[;1f‘_,§f+],iﬁ> forall i, j.
since A' <, Al @Afﬁ,zf and A <45 foralli,j.
By Definition 3.5(a),
Al v, A

<[max{/3;;1 AY 3 mad AT AL Y max{2, A2 }> foralli,
(A A1)
= Al
(i) AC v, B :<[,’5‘f,ﬂ$+],ﬂ,‘> <[BIJ , Bj ]/“u> forall i, j.
since A' <, B <::>,Z\Ja < E,f’ and A < g foralli,j.
By Definition 3.5(a),
A v, B <[max{Au (B} max{AT, BY" ¥, max{i2, ,u”}>forall i |
<[Bub7’B|Jb ]1 u>
- B0
=B,
(i) (AC v, B v, C! =[<[R}"T/¥‘+]J«.> <[B., B| ],U.,>)VPC(-
since A" <, B' < A*<BP and 2 <z foralli,j.
By Definition 3.5(a),
(AC v, B v, C :(<[max{ﬂif,I:D;hp},max{Af+,§i;’+}],max{ﬂ,f}, ,ui?}>)vPC(
= (18 ,u]ﬂvaG
= (187 By 1y ) ve (IG5 G5 17%)

since B¢ < C' <> B <C and g1 <p¢ foralli,j.
By Definition 3.5(a),
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[max{B;,C; y.max(B}",C; Y max{uy, 75} foral i

(o
e 651)
(

& %)
(

AvB(\/C(
(AC v,

Similarly, A® v, (B( v, C ):C .

Hence, (A( vp B )vP Cl=A"v, (B( v, C! ): ce.

Proposition 3.10 Let A" ,B,C' e ECSM . Then

() A" vy Al =A",

iy A" v,B' =B,

(iii) (A( Vg B )vRC( =A' v (B( Vg C ):C(

Proof. Let Al :<[,§f‘,};ja+], >B< —<[B,J B 1, /,lu> ol -<[C., , J.°+],yu>eECSMnFjXn
Then (i) AC v, A :<[/§,.a',§f+],ﬁ,;>vR<[/3‘,$‘,Af+],ﬂ,;> forall i, .

since A" < A & AP< A and £ > foralli,j.

By Definition 3. 7(a)

v A <[max{Au A} max{Ar AF Y, mm{zf;,ﬂ,a}>fora|| i |
(A A1)
AC

(i) A v, B :<[,§f‘,l;*],gﬁ> <[B,J B} ],uu> for all i, j.
since A" < B' < A*<BP and 2 > foralli,j.
By Definition 3.7(a),

Al v, B

[max{AIJ ,B“ }max{AIJ ,BU }] min{4;, y”}> forall i, j
[B) B} 1)
gijp’luij>

1
N~ ——

I
Ul

(i) (AC v B¢ Jvq C —(

~

—

(A A1 v (1B B L) v

( ( b .
Since A' ¢z B' < AJ <Bj and A >4 foralli,j.
By Definition 3.7(a),

(A v B JveCt = (<[max{f&§‘,Igif’},max{ﬂif+,§if+}],min{ﬂ,ﬁ, ;4;}>ij C
(B By 1.4 )i
(B, By 1 )ve IG5 €5 175 )

since B¢ < C' <> BY <Cf and g1 > ¢ foralli, .
By Definition 3.7(a),
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(AC vy BO)v, C Ce ) max(B? ,c;*)],min(y;,y;)>forau i |

Similarly, A' v (B( vy C! ): ct.
Hence, (AC v B¢ Jvo CC = AC v (B¢ v Cl)=CL.
Proposition 3.11 Let A",B‘,C e ECSM .. Then
) A Ap AU = A",
iy A" ApB' = A",
(i) (A Ap B )Ap CC = AT A, (BC Ap C ): A
Proof. Let A’ =<[,§f‘,§;+], >|3< —<[B,J B; b, u>c< —<[C,j , J.°+],yu>eECS|\/|r§Xn
Then (i) A A, A :<[5§_,,§f+],ﬂ,§>Ap <[A}"_n§f+],ﬂ,§> for all i, j.
since A" <, A & A*< A and £ <2 foralliyj.
By Definition 3.5(b),

AC A, A :<[min{,&;_,,&if_},min{,&ija+,,&if ¥, min{2, 22 >foral| i |
(A A1)

= A(

(i) AC A, B :<[,§f,l;*],gﬁ> <[B,J B} ],uu> for all i, j.

since A" <, B' < A*<BP and 2 <z foralli,j.
By Definition 3.5(b),

A A, B :<[min{§f‘,éi;"},min{Af,é’if*}],min{ﬂ,;, yg}>
= (A A 1%)

= (A1 4)

= A
(i) (A Ap B ), C :(<[Af‘,Af+],4> <[B“ B! ],LIIJ>)/\PC(.

since A' <, B' < A" < I§ub and A < foralli,j.
By Definition 3.5(b),

(AC Ap B )ap C (<[mm{/\1 JBY 3 min{A™ B}, min{2, yu}DAPc( forall i,
= (A7 A1) Ae C
= (1A A 12 ) ae (IG5 65 175 )

. ( N ~ ..
since A" <, C' < AP <Cf and & <pf foralli,j.
Again by Definition 3.5(b),
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=<[m|n{AU G 3 min{AT,C H min{22, y”}>forau i |
= (A7 A1)
<

o)

(A( Ap B )/\P (o}

Similarly, A" Ap (B( Ap Cl ): Al
Hence, (A Ap B )ap CC = AC A, (B¢ A, CC )= AL
Proposition 3.12 Let A',B‘,C' e ECSM . Then
() A Ag AU = A",
iy A" AR B' = A",
(i) (A Ag B )Ag CC = AT Ay (BC AgC! ): A
proot Let A" =([AT A1, ) B = ([BY, By 1.4 ).C* = (165 .C; 1,75 ) < ECSM,
Then (i) A Aq A :<[5§_,,§f+],ﬂ,§>AR <[A}"_n§f+],ﬂ,§> for all i, j.
since A" < A = A*<A and £ > foralli,j.
By Definition 3.7(b),
AL g Al [mln{AIJ ,AIJ }mln{AIJ ,AIJ 1, max{4; , A; >foral| iy j

A A1)

]
—_

I
>

(i) A" A B! :<[,§f,5‘f*],gﬁ> <[B,J B; ],uu> forall i, j.

since A" < B' < A*<BP and 22> foralli,j.
By Definition 3.7(b),

A A, Bl <[m|n{A,J JBY . min{As" B3], max{A:, y”}>f0rall i |
(A A ]/1>
<

AL )

Al
(i) (A Ag B Jag C —( (A" A1, A > <[B“ B! ],LIIJ>)/\RC(.

since A' — B <::>AJ <B; and A >,uIJ forall i, j.
By Definition 3.7(b),

(A Ag B )nqC! =(<[min{'»§f,é;},min{};jﬁ*,Ei;’*}],max{z,;,ui?}>jAR C
=(IA7 A1) ae C
=(IA A4 ) al 1655 175 )

. ( N ~ ..
since A" < C' < AP <Cf and & >pf foralli,j.
By Definition 3.7(b),
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[mln{AIJ ,CIJ }mln{A1J ,CIJ . max{4;, ;/“}>forall I, J

A A1)
’3~>

(A( Ag B )/\R c!

1
N~ —

I
)>

Similarly, A' Ag (B( Ag Cl ): Al

Hence, (A Aq B )ag CC = A g (B¢ A C' )= AL

Theorem3.13 Let Al ,AS Al ,...,Al eECSM/ . Since Al cp A p A Cp .o Sp AL
Then Al vp A v Al vipv, Al = AL

Proof. Let

A= (A AL LA = (TAL AT, ) AL = (AL AL LA e
A = <[ng_ AL > cECSMP._.

Then, A vo AL v AL vy A= (A vy AL by AL vy v AL

Since, A' <, Al <:>A1 <A2 and 21 </1a forall i, j.
By Definition 3.5(a),

= {ImaxtRy Ar g max(A A Y maxz 5, 3) o A vo vy A

Since, Al <, Al < /&2"" < ,&; and A5 < A3 foralli,j.
ij ij ij ij
Again by Definition 3.5(a),

= ((ImaxtRs Ay max(Ae A N mais, 5, 3) | vo A Vo v, A
= (1B A1, ) v A ve v A
= (B A1, oo (TR B 12 ) Jve A ve v AL

Continuing the same process we get,
~ .- ~_ + ~. - =+
= (1R, B, Do, v (1B B2, )}

since, Ay Sp AL & Ad(ifl)ij < .A:( and A, g _ﬂk forall i, j.
Again by Definition 3.5(a),

(<[max{/\k Ly AT max{AT AT H max, L, A }>)foralll i

(& %14,
()

(
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Theorem3.14 Let A', Al , Al ,...,Al eECSM} . since Al cp Al cp Al .o AL
Then Al vy AS v Al vivg Al = AL

Proof. Let
A= (R AL A = (TAL A 12 A = (RS A 1A )
A = (IAD A1 ) €ECSML,.
Then, A' vq Al v A§ Vg Vg Al =(A1( Vi A )vR A§ ViV Al
Since, Al <, Al @;&i sﬂ;}j and i 275 foralli,j
By Definition 3.7(a),
- (<[max{/§fi,l\;} max{Z\;;*,Z\;U_*}],min{ﬂ;ij 2, }>jvR Al vy ..ve A foralli, j
(<[A2 A1 ) A v v Al
(<[A2 A1 > <[A3 A1 >)VRA; Ve v AL

Since, Al c Al < /&Zaij < ,&32 and ﬂ;ij z/t’;‘ij forall i, j.

Again by Definition 3.7(a),
= ({ImaxqAs A5 maxAs A2 YL mingis, 4,3} vi AS v v Alforalli
= (<["&3: , ;&3;:;],];“ >ij AA(1 Vg Vg A‘E
= (1B A1, v ([RGB 125 ) v A Vv AL
Continuing the same process we get,
= (<[A¥T<—1)U ! A(T(—l)ij ]’i?k—l)ij >VR <[AkaIJ 1 Ake:J ]’j’iij >)
. ( ( Aa Aa a a .
Since, Ay S A & A(H)ij < Akij and i(k’l)ij 2 A foralli,j.
Again by Definition 3.7(a),

(<[max{A(k_1) A YA, A Y min{, }>)foralll j

= (1A A1, >)

) (<'E‘€J ”1:” >)

= Al
Theorem 3.15 Let A", Al , A{,...,Al eECSM’ . since Al <, Al <, Al <, ...c, Al.
Then A Ap AL Ap AL Ap.np Al = AL

Proof. Let
A= (IR AL L )AL = (RS LAY LA ) A = ([AS AL LA )
A = (AT A1 4 ) <ECSML,.

Then, Al( Ap A; Ap Aé Ap o Np AE =(A1( Ap Aé )/\P Aé Ap .o Ap Aé .
Since, A' <, Al <:>Aii SA;:J_ and ﬂfij Sigij forall i, j.
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By Definition 3.5(b),
(<[mm{£1 AL L mingAL A HLmin{2; A2 }>j no A Aponp Al foralli, |
:(<[A1 ﬂ'l >) Ao Ay Ap i A

:(<[,&1 ﬂ,l > <[A3 A3 1, Ay >)/\P Al Apnp Al

Since, Al <, A{ QAT; S/&% and /Lf‘ij s&gu forall i, j.

Again by Definition 3.5(b),
_ (<[min{/lljj‘,/1;:j‘},min{2\13*,Z;:j*}],min{z;‘” v }>)Ap AC Apnn Al foralli |
:(<[,&1;‘,E1;*],z;j >jAP A Ap g Al
= (<[,&1:,,&1‘;+],i:] >/\P <[;&f” , ;\;;],iiij >)/\P Al Ap g Al
Continuing the same process we get,
(GRS A CREA EN)
since, Al <, Al @Az sﬂj:j and A < Ay forallij
Again by Definition 3.5(b),

~({fmi
_ (<[~;‘,/3;}+Vij >j
(

Theorem 3.16 Let A, Al , Al ,...,Al e ECSM} . since Al cp Al cp Al i o AL
Then Al Ap Al Ap AL ApAg A = AL

Proof. Let

A= (TR AT LA A = (TAL RS ) A = (A AL LA )

A = (A A2 1%, )< ECSME,

Then, Al Ap Al Ag AL AgAg Al :(Ai( A A )/\R Al Ag.ong AL

Since, Al g Al @AZ S;&% and ﬂfl Zigi, forall i, j.

By Definition 3.7(b), J J

=(<[mm{/§1 AL Lmin{A AL Y max(i 2 }>jAR Al A ng A forall, j
5 LA ek e X

= (1A A2 15 ) e (1A AST128, ) ne AG g ni AL

since, Al =y Al <:>Ef; sﬂ% and i 2 %5 forallij

Again by Definition 3.7(b),
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(<[mln{A1 AL Lmin{AT AL H,max{A ,zgij}>jAR A Agong Al foralli,
= (1B A1 ) Jae AL Ageone A
(<[A1 AL e (TAL AN LA, >jAR A Agoig AL
Continuing the same process we get,
(G TN CRE ER)
Since, Al <, Al & Af; SA:J_ and ﬂfij > Ay foralli,j.
Again by Definition 3.7(b),

([mln{Ai A Y mingAS ALY, max( 22 }>jfora|l i j

<
= (1A A1)
(<Alij ’ﬂ'lij >)

= AL
Theorem 3.17 Let A ,B‘ ,C' e ECSM’_, then

(ACvp B )Ap CC =(AC Ap CC v, (B' ApCt ):B(.

Proof. Let A =<[Z;“,Af+], > B —<[Bu B, ,uu> o —<[c:,, , ;*],yu>e|csmr';xn

Then, L.H.S= (A( vp B! )/\P C =(<[Z“a,ﬂua+],l, > <[B” , B; o, 7 >)/\P c‘.
since A' <, B <::>AJa < §|:’ and A < 1 foralli,j.
By Definition 3.5(a),
(A v, B )ap 0 = ({ImaxtAy By Ymax(A By Ymax(. 53 |, C forall,
[Bljlr’B|j ]Huitj)>/\ C(
(BB 1t pae (IC5 G5 1)

~

since B' <, C' <::>BIO <Cj and g <y foralli,j.
By the Definition 3.5(b),

o~

<[m|n{B“ ,CE 3, min{B! ,c;*}],min{g;,y;}>forau i |
(CREY ﬂs>
<§.,,u.,>

RHS=(AC Ap CC v, (B A C()
Then, (A" A, C* ) (< AR A (1€ € ],y;>j.

Since A' <, C' < AJ- SCijc and A5 <y foralli,j.
By Definition 3.5(b),
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<[mm{AJ CE 3 min{AT,CS ] min{22, ;/,J}>forall i |
(A A1)

- ()

Then, (B( Ap C ):(<[BIJ , Bj ],u“> <[CIJ ,C,;?+],;/§>).

since B' <, C! <:>BITSC° and ,ui? <y; foralli,j.

Again by Definition 3.5(b),
(B¢ ApC') :<[m|n{BU ,CS },min{B; ,c;*}],min{yi?,y;}>forau i, j
= 18y 8 ]uu>
:<|§i?’ﬂilj)>-
<Ai§’2~fjl>vp <Bijpnui?>
=A' v, B‘.
since A' <, B @Afﬁgf and A < g foralli,j.
By Definition 3.5(a),
(A A, CO v, (BC ApC) <[max{A” B} max{A? B H,max{A, y“}>forall i |
<[BIJ ’Bij ]uuij>
<[BIJ ’Bi;a ]71Llll;)>
=B.
Hence, (A v, B Ja, CC = (A" A, C' v, (B ApC')=BE.
Theorem3.18 Let A" ,B‘,C' e ECSM , then
(A( vy B )/\RC( :( /\RC() (B( Ag Cl )=
proot.Let A =([AY AT, 25 ). B =([B) ] ]u.l>c< =(IC; .C; 175 ) e 1M,

Then, LH.5= (A" v, B' Ja, C! :(<[A;*‘,Af+],ﬂ,,> <[BJ B! ]yu>)ARc<.

since A" < B' < A*<BP and 22 > foralli,j.
By Definition 3.7(a),
(A vq BO)ag C (<[max{A” B} max{A" B}, min{Z, y“}>jAR C' foralli, j
<[B.:’,B., 1443 ) A C
= {8y B 1 ) e (IG5 G5 175 )

since B' <, C' < Blj’ <Cj and g >y foralli,j.
By Definition 3.7(b),

(A( Ap C! )

(AC ApCl vy (BU ApCl)
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[mln{BIJ : } mln{B“ ,Cij°+}],max{y§,y§}> forall i, j
[gi:')_ ' gi?+ ]1,Ui?>
Bi?uui?>

11
N~ —

A

RH.5=(A" A CO v R( )
Then, A( AR C( (< A ,AiJ 1A /\R <[CIJ : iJ'C+]'7/i;:>j'

. ( ( .
Since A' <, C <:>Aj SCi}: and A Z;/i}’ forall i, j.
By Definition 3.7(b),

(A" nqct) :<[min{A;‘,6i;‘},min{Af G H max{2e, }/u}> forall i, |
= (A A 1%

= (A} )

Then, (B( Ag C! ):(<[BIJ , Bj ],u“> <[CIJ ,C,;-:+],7/§>).

since B <, C' < I§Ub SCU-C and £ > y$ forallij.
Again by Definition 3.7(b),

(B AgC') :<[m|n{BU ,CS },min{B; ,Cij.c+}],max{y§,yi‘;}>forall i, j
= (187 .8y ],ﬂ.?>
:<?i;3uui?>'
(A( Ag Cl )\/R (B( Ag C! ) = <Aif,ﬂ,ﬁ>vR <Bi?1,uitj)>
= A" v, B
since A' < B <::>AJ SB;) and A; > g foralli,j

By the Definition 3.7(a),
(A Ag CO)vp (B AgCt) <[max{A,J BY }max{A*" B}, min{2¢, yu}>forall i |

<[Bu ’Bij ]:ﬂij>
s
B!

nb* b
ij Bij ]uuij >

Hence, (AC v B Ja,Ct = (A< A CO)ve (B AgCl)=

Theorem3.19 Let A" ,B,C' e ECSM_. ., then

(A( Ap B )VP C :(A( Vp C() (B( vy Cl )= ct.
Proof. Let A :<[;;;‘,/;,.a+], >B< -<[B,, B ]ﬂ.,>C‘ —<[c., , i,-“],yi,) ICSM ..
Then, LH.5=(A A, B Jv, C! :(<[/3;‘,Af+],ﬂ,,> <[Bu B! ]yu>)vpc<.

. ( ( N Qb b .
since A" Cp B' < A <Bj and A <y foralli,j.
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By the Definition 3. 5(b)

(A( Ap B( [mln{AIJ ,B“ }mln{A] ,BIJ 1, mln{ﬂbu,,uu}>)vP C' foralli, j
(A7 A1 v !
(A A1) ve (16,65 175 )

since A" <, C* < A*<C{ and £ <y¢ foralli,j.
By Definition 3.5(b),

1
/\/\/_\

= ([max{A* ,C¢ },min{A*",C< ¥, min{A2, ;/,J}>forall i |
€5 €' 1r)
6i§17i§>

1
o~ ——

RH.5=(A vy C')np (B voC)
hen, (A v, €)= (A7 A1 v (15 .€5'175) )

( ( ~ -
Since A' <, C' < AJ- <Cj and Af <y foralli,j.
By Definition 3.5(a),

(A v, ct) =<[max{Af’,6;’},max{Rf e ¥, max{z2, yu}>forall i |

Then, (B( \/PC()=(<[BU , Bj ],u“> <[CIJ ,C; ],7§>).

since B' <, C! <:>B,JbsCc and 2 <y forallij.

Again by Definition 3.5(a),

(B v, ) :<[m ax{B",C¢ 3 max{B; ,C,j°+}],max{yi?,y§}>forall i |
:<[6|1C7’6i?+]17;>
:<§i}:!7/; _

(A( vy C )/\P (B( vp C ) :<Cijc’7i?>/\P <Ci§'7§>
=C' A, CC.

By Proposition 3.11(i),

(A( v, C )/\P (B( vp C )—C( .Hence, (A( Ap B )vP C! :(A( vp C )/\P (B( vp C ): ct.
Theorem3.20 Let A" ,B,C' e ECSM ., then

(A( Ag B )VR C :(A( Vg C() (B( vy Cl )= ct.

proot Let A" =([AT A1, ) B = ([BY By 1.4 )C* = (165 .C; 1,75 ) < ECSM,

Then, LH.5=(A Aq B! Jv, C! :(<[/3;‘,Af+],ﬂ,,> <[Bu B! ],uu>ijC(.
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. ( ( N ) b ..
Since A' < B' < Af <Bj and A > g foralli,j.
By Definition 3.7(b),

(A Ag B Jvg Cl (<[mln{Au BY 3 min{AT B}, max{ yu}DVR CC foralli,j
=(IA7 A1 ve
=(IA7 A1 ve (IG5 651 )
since A" <, C' < A*<CS and £ >5¢ foralli,j.
By Definition 3.7(a),
:<[max{A;"’,é"ij.f},max{&ja C H,min{As, 7/“}> forall i,
= (1.6 1)
=(Ci.7i)
RH.5=(A v CO)A R( ch<)
hen, (A v €)= (A7 A1 v (15 €175}

( ( ~ .
Since A' < C' < Aj <Cj and Af >y foralli,j.
By Definition 3.7(a),

(A v cO) =<[max{Af‘,5i;‘},max{A§ CeH, mm{/lu,yu}>forau i
= (1¢5 .Ci'17%)
=(Ciri)

Then, (B¢ v, C' )= (<[Bu B! ]ﬂ”> <[cu Ct ],y;>j.

since B! < C* < B <C; and 4 > y¢ foralli,}.
Again by Definition 3.7(a),

B¢ v, C! = ([max{B> ,C }max{BI T, CE L min{ud, y<}) forall i, j
] ] Il Il )
=<[6.,°‘,6;+1,y:>
ey
(A v C)ng (B v CY) =(Cere) nn (Ciuri)
=C' A, CC.
(

By Proposition 3.12(i), (A( vy C )/\R (B( ve C )= ct.

Hence, (A( Ag B )v C —(A( vg C! )/\R (B( vg C ): ce.
Theorem3.21 Let A" ,B,C' e ECSM_. ., then

A ve (B ApCO)= (AT vy B ap (A vpc< ):

Proof. Let A :<[,§f,5§*], > B —<[|3,J B, /,lu> c -<[C., , ;*],yij>eECSM;’Xn

Then, LH.5= A v, (B¢ A, C')= A [<[B“ B ],u“> <[C,J , ij°+],y5>j.
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since B' <, C' <:>BUb SCC and ,ui? <y; foralli,j.
By Definition 3.5(b),

Al v, (B( Ap C<) = Al v (<[m|n(BIJ , )mln(BIJ : ij°+)],min(yi?,yij?)>)forall i,
=ACv, <[B,J B, ,ui?>
=(8 A1) v (1B 8 1)

since A" < B <> A7 <Bp and A3 <4 foralli,j.
By Definition 3.5(a),

= (Imax(A; By 3. maq(A;", B} Y max{, w3} forali ]

<[B.:)_1B., ]nuij>
<Bb’/"u>

3
RH.5=(A" vy B )ap (A v, Cl)

Then, (A v, BC )= (<[AJ A A > <[BJ B! ],ﬂi?>j.

since A" < B <> A* <BP and 28 <y foralli,j.
By Definition 3.5(a),

(A v, B) :<[max{Au BY hmax{As, BY }], max{z, ,uu}>forall i |
= <[Bu e ] ,u“>
= (8744 )

Then, (A v, C! )=(<[A§,E;*],A,> <[c” ,c;*],y;>j.

. ( ( N ~ -
since A' <p C' < A/ <Cj and A <y foralli,j.
Again by Definition 3.5(a),

(A v, ') =<[max{'»;;"*,c':';},max{'»;ja CE 1 max{22 7/,J}> forall i,
=(I5; €14
= <6i;:'7/i(j:>
(A( Ve B )/\P (A( np C! ) = <§u ’:ui?>/\P <6.f7uc>
= /\P ct.

since B' <, C' < éub Séijc and ,ui? <y; foralli,j.
By Definition 3.5(b),
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(ACve B )ap (A ApCC) =([mingBY,C¢ 3, min{BY ,Ci}’+}],min{y§,y§}>forall i

Hence, A" v (B( A C()—( ‘v,B ) F,(A( vPC(): B.

Theorem3.22 Let A" ,B,C' e ECSM_ ., then

A v (BC ApCC)= (AT vi B Jag (AC v C ):
Proof. Let Al :<[,§f,5§*], >B< —<[|3,J B, /,lu> ol -<[C., , ;*],yij>eECSMnijn

Then, LH.S= Al v (B< A C<) (<[B,J ,Bj ],uu> <[C,J ,C,§+],yi§>j.
since B! < C* < B <C; and 4 >y¢ foralli,}.
By Definition 3.7(b),
A v (BN AgCl) =A v (<[m|n(BU <), min(BY ,CU.°+)],max(yi';’,yxij?)»forall i j
- A( VR <[Blj ’Bljb+] Il’lllj)>
= (1A A1 v (B BY 1)
since A' < B <::>,Z\Ja < E,f’ and A > 4 foralli,j.
By Definition 3.7(a),
<[max{AU JBY 3, max{A®, BY }]min{2: ,uu}>forall i |
<[B., . Bj ]ﬂu>
= (8).)
=B,
RH.5=(A" vy B )ag (A veCl)

e, (A v, B )=( (A7 A 125 ) v (1B B 1))

since A" < B' < A*<BP and 22 > foralli,j.
By Definition 3.7(a),
(A v, B) <[max{AU B} max{A?, BY ¥, min{ A, yu}>forall i |

<[B|;f , B.iﬁ] Hij >
= (B} .}).

hen, (A v, €)= (A7 A1 v (1565175}

. ( N ~ ..
since A" < C' < AP <Cf and & >pf foralli,j.
Again by Definition 3.7(a),
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(AC voCt) = ([max{A* ,C¢ },max{AZ" ,C¢ ¥, min{2, 7,J}>forall i j

Since B <, C' < I§Ub S(Eijc and £ > y$ forallij.
By Definition 3.7(b),
(A v B )ag (A AqCt) <[mln{B“ (G 1 mingBY” CE 3, max{u, yi§}>fora|| i |

|G lu.,>
<[Bu g ]'uu>
=B'.

Hence, AC v (B Ag C' )= (Al v B )ag (AC v Cl)=BC.

Theorem3.23 Let A',B¢,C e ECSM[ , then

A Ap (B Vo €)= (AT Ap BO Jvp (A /\PC( ):A(
Proof. Let A =<[5{_,5€+], > B —<[Bu BY7, ﬂu> o —<[C,, , i}:+],yij>eECSMrixn

Then, LH.S= Al A, (B( v, C! ): (<[BIJ : i;’+],yi?> <[CIJ ,Cj ],7§>j.

since B' <, C! <:>B,j’ SCC and ,ui? <y; foralli,j.
By Definition 3.5(a),

Al /\p(B‘ Vo C<) =AC A (<[max(BIJ , )max(BIJ ,Cf)],max(,uiﬁ.’,yij)>)forall I, J
~e (€5 € ],y;>
<[Af‘,Af 125)ne (IG5 .G 1)

. ( ( s ~ -
since A' < C' < A/ <Cj and A <p; foralli,j.
By Definition 3.5(b),

= <[min{'&i?7 ’C—Eijf}'min{'&;1 1] }] min{4;. 7; }> foralli, j
= (A7 A 1%)

=(A )

= A
RH.5=(AC Ap BO vy (A€ A, CY)

Then, (A( Ap B! ):(<[E1f_"&if+]a/7ﬁ> <[Bu 1 Bjj ] Hi >j

since A' <, B' < A" < I§ub and A < foralli,j.
By Definition 3.5(b),
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(A" A, B) :<[mln{A“ B 3 min{A* B}, min{22, ,uu}>forall i |
= (A A 1%)

= (A5 4)
hen, (A~ €)= (AT A1 e (1€ €5'175))

- ( ( N ~ -
since A' <p C' < A <Cj and A <p; foralli,j.
Again by Definition 3.5(b),

(A A, CO) :<[min{5\if_,6“?_},min{§f (G Y, ming 2, ;/U}>forall i |
=(IA7 A1)
(R
(A Ap B vy (A v ) = (AR 25 ) v, (AR 25)
= Al v, A",

By Proposition 3.9(i), (A( Ap C! )vP (B( Ap C! ): i\

Hence, A' A, (B( vp C )— (A( Ap B ) Ve (A( Ap C! ): Al
Theorem3.24 Let A' ,B',C' e ECSM [ | then

AC Aq (B vg C ):(A< A B Vg (AC Aq C ):A(

Proof. Let Al :<[A§‘,Z;‘+], >B< —<[B“ B, ,,> C :<[C,J , i,-°+],%,>€ECSM§Xn

Then, LHS= AC A (B v4C)= A (<[B“ B L) ve (165G ],y;>j.

since B' <, C <:>B,JbsCc and 26 >y foralli,j.
By Definition 3.7(a),
ACag (B vaCl) =ACA (<[max(B“ i), max(BP ,C"_a)],min(ﬂi;?,y;)>)fora|| i j

Ci') ;>

=(IA A 14 ) Ac (IC .CF Ly )
< ) (I )

. ( ( I’ ~ -
since A\ < C' < A/ <Cj and A >y, foralli,j.
By Definition 3.7(b),

= A" Aq <[C

= <[min{/1,.er CS ymin{AT,C ¥, max{ A2, s }> forall i, j
= (A A1)

-(34)
= A
RH.5=(A" Ag B Jva (A AgCl)

Then, (A( Ag B! ):(<[;&“Z:1_’Af+]’/li >/\R <[BJ 1 Bjj ] Hij >j

. ( ( N 5b b .
since A' < B' < A <Bj and A >4 foralli,j.

151



International Journal of Current Research and Modern Education (IJCRME)
Impact Factor: 6.725, ISSN (Online): 2455 - 5428
(www.rdmodernresearch.com) Volume 2, Issue 1, 2017
By Definition 3.7(b),

(A" Ay B) <[m|n{Au (B} min{AY, B}, max{A:, yu}>forall i |
= (A A1)
= <Au Y >

hen, (A a, C )= (AT A1 bae (165657175}

- ( ( N ~ -
since A' < C' < A <Cj and A >y, foralli,j.
Again by Definition 3.7(b),

(A ApCl) :<[m|n{A” CS 3 min{A2" &'}, max{/lu,;/u}>forall i |
= (A7 A1)
(A

(AC Ag B v (A€ v Cl) = (A28 v (A28
= A Vi Al

By Proposition3.10(i), (A( AR (o )vR (B( AR C! ): Al

Hence, A AR (B< Vi C! ):(A< AR B¢ )VR (A( Ag C! ): Al
Theorem3.25 Let A',B" e ECSM[ . Then

(i) (AC v, B f =B “ A, A,

(ii) (A( Ap B )° =B “v, A

Proof. Let A :<[Af,,§f+],ﬂ,ﬁ> and B —<[Bu , Bj ],u“>

i LHs =(A v, B f :(<[A;“,Af+],,1§> (1B B 1 >j

since A <, B <> AT <Bp and A3 <4 foralli,j.
By Definition 3.5(a),

= ({[moAy B Y.ma(A" By Momaxs ) ) orati

= ([1-maxA; By }.1-maqA; 8]} 1-mad. )

= (11~ maA;", By}, 1-max(Ay By 31,1-max(, 3]
=(I¢;" 1)

(B 81 ) o (IR A715))

[1-B" 1- §if*],1—y§>AP<[1—A;‘,1—Z,f*],1—zg>

]
—
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= (-8 1B 11— ) a (- AT 1A 11 )
since B'° Ch Al C, by Definition 3.5(b),
<[m|n{1 By 1~ A|J “},min{1-B}" 1~ Af}],min{l—yi?,l—;tfj‘}>
= (€. )
=C.
LH.S=RH.S
so (A" v, B f =B A, A

i) LHS =(AC A, B' ) =(<[,§f—,,§f+],z§}> <[B,J ,Bi}’+],yi§’>)c.

since A <, B <> A*<B and & < g foralli,j.
By Definition 3.5(b),

. [<[min{§f‘, B 3, min{A®", B }],min{ 2 ﬂ;}>jc foralli,

= ([1-minA; éf”},l— mingA;" B }1.1-min{;, 14}
=(1n- mm{AJ B} 1-mingA; By 3.1-mingj, )
< ¢ LCO, y.1>

c

RH.S= B( Ve A( ’

(.50 15

<[1 By 1- é‘;*],l—y;?>vp <[1— A 1-AT]1- A
<[1 B > <[1— A 1-AY11- 4
Since B¢° Cp Al C, by Definition 3.5(a),

<[max{1 B 1AM} max{1-B" 1- A* 3], max{1- ﬂij?,l—z,;?}>

= (1€ €1
=c’.

ij Vp

= =
\-/\/

1- Bi?i 1.1- ,Ui?

LHS=R.H.S

so (AC A, BCf =B v, A
Theorem 3.26 Let A ,B' e ECSM [ .
i) (A v B f =B A A,

(i) (A Ag B f =B v A,
proof Let A =([AY, AY'1,) and B = ([} B} 1,45

c

Then
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O LHs =(A v, B )°=(<[Af‘,&f*],/1§;> (B B ],uu>)c.

since A < BC <> A*<B and A > g foralli,j.
By Definition 3.7(a),

= ((maxA B y.magAy By Mmings ) |t
= ([1-max{A? B} 3. 1-max{A! B} }].1-min{%;, 143})
= ([1-max{A’ B}, 1-maq(A} ) }1.1-min{%;, 143})

= (1€ 1)

=C‘.
RHS=B " A A

(8 800 (A1)

<[1 BY 1-B ],1—yi5?>AR<[1—Rf,1—}?,;‘*],1—z,;>

<[1 B > <[1—,§f+,1—,§f],1—i>

since B* < AC°, by Definition 3.7(b),

<[m|n{1 B 1AM} min{1- B ,1- A® }]max{1— 11— ,La}>

(65" )
=c’.

nb~ b
i 71 Bij ]’1_:uij AR

LHS=R.H.S
so (A" vg B f =B " A, AC.

) LHS =(ACAgBCS :(<[Af_,,§f+],/1i >/\R <[B,J B 1,4t >)C

since A' < B <::>,Z\Ja < E,f’ and A > 4 foralli,j.
By Definition 3.7(b),

. [<[min{l,ja‘ JBY 3, min{A" | BY 1], max{£2, ,,15}>jc foralli,
= ([1-min{A;, By 3. 1-mingA;" By 3], 1-max{, 3
= ([1-min{A;" By 13- mingA; B} }1.1-max{Z;. 4})

=(1€;".E 1))
=C‘.
RHS=B"v, A

(& 00)] (A1)
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<[1_ é-ijp_ 1= gijl')Jr]’l_ ,Ui?> VR <[1_ Z‘ﬂa_ 1= A?Jr]vl_ ﬂ“ﬁ>
_ <[1— B 1-BY 11— y;?> v, <[1— AT 1-A11- A8 >
since B* < A'°, by Definition 3.7(a),
= <[max(1— B 1AM ),max(1- B ,1- A* )], min(1- 41— z;)>

= (1€ €1

=C¢.
LHS=R.H.S
so (A" Ag B f =B "y  AC.
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