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Abstract: 

 We give an elementary proof of the Piziak’s expression for the Moore-Penrose generalized inverse matrix. 
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1. Introduction: 

 The Faddeev-Sominsky’s procedure [1-8] shows the importance of the matrices: 

  Ck = Rk + r1 R
k−1 + r2 R

k−2 +  … + rk−1  R + rk  I ,          k = 1, 2, … , n,      (1) 

Where the rj  are the coefficients of the characteristic polynomial of R[9-12]. Here we consider the Gram matrix: 

  Rnxn = Anxm Amxn
T  ,                                                                         (2) 

Such that rank A = p = rank R ;the matrix (2) is symmetric, non-defective and satisfies the relation: 

  Rp+1 + r1Rp + ⋯ + rp−1R2 + rp R = O .                                                        (3) 

On the other hand, the Singular Value Decomposition (SVD) of Agives the factorization [13-17]: 

  A = Unxp Λpxp Vmxp
T  ,       UTU = VTV = Ipxp  ,       Λ = Diag  λ1 , … , λp ,     (4) 

Where λj > 0,   j = 1, 2, … , p are the singular values of A, and the corresponding Moore-Penrose’s pseudoinverse has the 

following expression [13, 18-24]: 

  A+ = V Λ−1UT  .           (5) 

In Sec. 2 we employ (1) – (4) to obtain the Piziak’s formula [25] for the Moore-Penrose’s matrix. 

2. Gram matrix and SVD: 

 From (2) and (4) is immediate the property: 

  Rj = U Λ2jUT ,       j ≥ 1 ,          (6) 

Then (3) implies the relation: 

  Λ2(p+1) + r1Λ
2p + r2Λ

2(p−1) + ⋯ + rp−1Λ
4 + rpΛ

2 = O,  

Whose multiplication by Λ−4 gives the condition: 

  Λ2(p−1) + r1Λ
2(p−2) + r2Λ

2(p−3) + ⋯ + rp−2Λ
2 + rp−1I + rpΛ

−2 = O.                                 (7) 

From (1), (6) and (7): 

  Cp−1 = U (Λ2(p−1) + r1Λ
2(p−2) + r2Λ

2(p−3) + ⋯ + rp−2Λ
2) UT + rp−1I ,   

  = U  −rp−1I − rpΛ
−2 UT + rp−1I       ∴      UTCp−1 = −rpΛ

−2UT ,  

Hence  V Λ UTCp−1 = −rpV Λ−1UT   where we can apply (4) and (5) to deduce the Piziak’s formula [25] for the Moore-Penrose’s 

pseudoinverse:    

  A+ = −
1

rp
ATCp−1  .                                                                    (8) 
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